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Analysis of Molecular Gas Radiation: Real Gas Property Effects

K. C. Tang¤ and M. Q. Brewster†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

Molecular gas radiation calculations have been performed for CO2 and H2O with a line-by-line high-resolution
transmission molecular absorption database, with and without particle scattering. Both line-by-line (Monte Carlo)
and K-distribution calculations were conducted. The results con� rmed that, if the absorption-coef� cient distri-
bution function is suf� ciently resolved, essentially line-by-line accuracy can be achieved. In addition, compar-
ison was made between line-by-line results and an exponential wideband model combined with Elsasser nar-
rowband model predictions to assess real gas property effects on radiative heat transfer. It was found that
accurate prediction of the radiative heat � ux and divergence requires a more accurate representation of the
K-distribution than band model data currently provide. It was also found that the notion of an optically thin
molecular gas based on the Planck mean optical thickness is probably a misleading concept. Analysis of real
line-by-line data for typical thermodynamic conditions and path lengths suggests that in most practical systems
at least some portion of a vibration–rotation band spectrum is optically thick. Hence, Planck mean optical thick-
ness is an erroneous indicator of the validity of the Planck mean optically thin approximation for molecular gas
radiation.

Nomenclature
f = K -distribution function; Eq. (8)
h = step function
I = intensity
K or Ka = absorption coef� cient
Ke = extinction coef� cient
Kem = emission coef� cient
Ks = scattering coef� cient
L = path length
N = particle number density
P = pressure
p = scattering phase function
Q = function de� ned by Eq. (5)
q = radiative heat � ux
T = temperature
W = slab width
x = spatial coordinate
µ = slab polar angle
¹ = direction cosine of considered polar angle

µ.¹ D cos µ )
¹0 = direction cosine of irradiation polar angle µ 0 or

dummy argument

Subscripts

a = absorption
b = blackbody
c = center
e = extinction
eff = effective
em = emission
g = gas
i = species (gas, particles)
j = dummy index
max, min = local maximum and minimum values
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P = Planck mean
p = particle
s = scattering
º = wave number

Introduction

T HERE is a need for both exact and approximate property rep-
resentationsand transfer solution techniques in the calculation

of radiation heat transfer. For gases, exact properties means line-
by-line (LBL) or equivalent and approximate means band-model
properties or low-order gray gas correlations.Exact transfer means
Monte Carlo (MC) or high-order N -� ux or discrete-ordinate (DO)
methods with anisotropic multiple scattering; approximate transfer
means low-order N -� ux or DO, effective isotropic scattering,or ef-
fective nonscattering. There is room for improvement at all levels
of approximation for both properties and transfer calculations.

In modeling of radiation heat transfer by molecular gases, band
models with low spectral resolution have generally been consid-
ered acceptable. This assumption is partly due to expediency, as
the calculationof high-resolutionspectra for polyatomic molecules
is signi� cantly more complicated than that for diatomic or atomic
species,andpartlydue to the fact that,historically,boundary� ux has
been the only reality check between experiments and calculations;
detailed computational � uid dynamics (CFD) involving molecular
gas radiative transfer (in which radiative � ux divergence is impor-
tant) is still lacking in physical validation. However, band-model
approaches do not allow suf� cient spectral resolution when accu-
rate radiative � ux divergence or distribution is required, when par-
ticle continuum radiation is present, or when severe temperature
gradients exist. Moreover, even spectrally smoothed or integrated
intensity at a boundary can be sensitive to � ne line structure. There
is no fundamental obstacle to modernizing engineering radiation
heat transfer calculations to a high-spectral-resolution LBL model
other than computer speed and storage and perhaps the absence of
high-temperatureandhigh-pressuredata.However,brute-forceLBL
calculations are often unnecessarily time consuming. Pseudo-LBL
treatment (LBL accuracy without LBL spectral integration) seems
the next logical step in the development of radiation heat transfer
simulation.

The K -distributiontechnique is a pseudo-LBLapproach that was
developed several decades ago by scientists studying atmospheric
radiation.1¡4 Applicationof the K -distributionmethod to engineer-
ing systems has begun in recent years.5¡7 The basic idea of the
technique is to take advantage of the fact that, although molecular
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gas absorption-coef�cient spectral � uctuations are severe, over the
spectral region of a rotational– vibrational band particle proper-
ties and the Planck function are relatively constant with respect
to wave number. Therefore, when the spectral distribution of the
gas absorption coef� cient is considered, the redundancy in brute-
force spectral integration can be eliminated by integration with re-
spect to absorption-coef�cient distribution, i.e., the K distribution.
Consequently,whereas spectral integration requires suf� cient spec-
tral resolution to resolve each line (of which there may be hun-
dreds of thousands), K -distribution integration must resolve only
the K distribution—a much more ef� cient computation. With K -
distributionintegration,essentiallyLBL accuracyis achievablewith
much less computational time.6 If even lower computation time
is desired this can be achieved by reduction of the resolution of
the K distribution to a minimal number of discrete K values (say,
three) with surprisingly little loss in accuracy, if the K ’s are cho-
sen judiciously enough to cover the governing optical thicknesses.
Our interest in this paper is with the former strategy, that is, main-
taining exact LBL accuracy as nearly as possible. The objective of
this work was to incorporate real gas LBL property data into the
K -distribution technique and, by comparison with previous results
based on band-modeldata, to assess the effect of real gas properties
on radiationheat transfer.The LBL propertydata used were thoseof
the high-resolution transmission molecular absorption (HITRAN)
database.8

Solution Method
Radiative transfer is considered in a multicomponent, one-

dimensional, nongray, emitting, absorbing, and scattering medium.
Speci� cally the medium is composed of a participating molecular
gas plus nonparticipatingbroadening gas and absorbing scattering
particles. The radiative transfer equation is

¹
dIº.¹/

dx
D ¡

i

Ksºi C Kaºi Iº .¹/ C
i

Kemºi Ibº.Ti /

C
i

Ksºi

2

1

¡1

Iº .¹0/pi .¹; ¹0/ d¹0 (1)

where Iº is the spectral radiation intensity, º is the wave number,
Ti is the local temperature of species i , Ibº is the spectral intensity
of blackbody emission at Ti , Kaºi , Ksºi , and Kemºi are the nongray
absorption, scattering, and emission coef� cients of species i , re-
spectively, ¹ is the direction cosine of the polar angle measured
from the x axis, pi .¹; ¹0/ is the phase function of species i , which
is a representationof intensity scattered from the incident radiation
(direction¹0) into the directionunder consideration,¹. The spectral
intensity can be obtained by solving the radiative transfer equation
and associatedboundaryconditions.The net, spectral radiativeheat
� ux can then be obtained by

qº D 2¼

1

¡1

Iº.¹0/¹0 d¹0 (2)

In LBL spectral integrationEq. (2) is evaluatedwith suf� cient spec-
tral resolutionto resolve each line. The total radiative heat � ux over
the entire spectral region is then determined by integrating Iº with
respect to wave number:
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In the K -distribution approach the wave-number integration of Eq.
(3) is transformed to an integration with respect to Kag as follows.
Assuming that the Planck function and particle properties are con-
stant within a band, the spectral intensity can be considereda func-
tion of the gas absorptioncoef� cient only. Therefore the net � ux for
a gas band with bandwidth 1º can be written as

q1º D
1

1º
1º

Q Kag .º/ dº (4)

where

Q Kag .º/ D 2¼1º

1

¡1

Iº Kag .º/; ¹0 ¹0 d¹0 (5)

and the total radiative heat � ux is obtained by summing over the
bands:

q D
all1º

q1º (6)

By breaking up the lines into monotonic intervals dº j , summing
over these intervals, and introducing the step function h, we can
write Eq. (4) as6
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where

f Kag D
N

j D 1

1
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dº j

dKag

h Kag ¡ Kag ;min j

¡ h Kag ¡ Kag ;max j (8)

Here f .Kag / is the absorption-coef�cient distribution (or probabil-
ity density) function.This functionis obtainedby standardstatistical
analysis of the gas absorption-coef�cient spectra.

Integration of Eq. (7) requires discretizationof Kag and f .Kag /.
Proper discretization is the key to success with this method. Im-
proper discretization will produce erroneous results and confusing
trends. Although greater re� nement of the K distribution usually
leads to improved accuracy, arbitrary re� nement may not show no-
ticeable improvement and can be easily mistaken for convergence,
particularlyif only theboundary� ux is monitored.It has been shown
that heat � ux at the boundary alone is not a suf� cient indicator
of accuracy of the radiative transport representation.9 It is there-
fore critically important that the discretizationbe guided by proper
physical considerations.The proper physicalparameter on which to
base K -distribution discretization and re� nement is optical thick-
ness based on a representativepath length, such as geometric-mean
beam length.10 (For a slab the geometric-meanbeam length is twice
the slab thickness.) Both the optically thin and the optically thick
portions of the K distribution must be suf� ciently resolved to rep-
resent accurately the net � ux distribution and divergence � eld. The
approach used here was to divide the cumulative distribution func-
tion into 10 equal intervals and to solve each interval separately.A
bisection procedure was used to re� ne the distribution within each
of the 10 intervalsuntil convergencewas achievedat each spatial lo-
cation. This approach may appear to ignore path-length effect (i.e.,
optical depth) as it involves only the K distribution but with proper
selection of the bandwidth 1º , proper distribution and discretiza-
tion over optical depth is automatically achieved. Bandwidth was
de� ned here by extending the wings of the band to wave numbers
at which the optical depth was 0.2. (As a check of this assumption,
if an optical depth of 0.1 is chosen as the cutoff, the gas radiation
calculated by the synthetic band model contributes an additional
maximum 5% radiative heat � ux to the CO2 bands for the lowest
particle loading case with N D 2:0 £ 107 m¡3 and 0.04% for the
highest particle loading case with N D 2:0 £ 109 m¡3 .) The max-
imum and the minimum Ka values as well as the bandwidths for
each band are shown in Table 1. This treatment ensures that the
important optically thin region is not excluded from the band. Thus
proper resolutionof each opticaldepth region is obtainedalongwith
an accurate representationof the integral in Eq. (7). The integration
in Eq. (7) is independent of the method used to solve the radiative
transfer equation. In this study, the transfer equation is solved with
the method of DO with 20 ordinates.The intensity� eld for the spec-
tral radiative transfer equation is calculated to converge to less than
1:0 £ 10¡7 relative error. The K distributionsare obtained from sta-
tistical analysis of HITRAN data.8 The total radiative heat � ux for
a gas absorption band is calculated to be within 1:0 £ 10¡3 relative
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Table 1 Bandwidths and maximum and minimum absorption coef� cients for CO2 bands used in heat � ux calculations;
P = 1 atm, CO2 mole fraction = 0 21, T = 1000 K

CO2 band 2.0 ¹m 2.7 ¹m 4.3 ¹m 9.4 ¹m 10.4 ¹m 15 ¹m

ºmin , cm¡1 5125.0 3435.0 2065.0 1015.0 915.0 502.0
ºmax , cm¡1 5275.0 3885.0 2410.0 1105.0 1005.0 832.0
Kag ;max ,a cm¡1 1:1 £ 10¡3 1:7 £ 10¡1 9:4 £ 100 6:9 £ 10¡3 5:1 £ 10¡3 1:5 £ 100

Kag ;max ,b cm¡1 9:6 £ 10¡4 8:8 £ 10¡2 3:7 £ 100 4:1 £ 10¡3 7:2 £ 10¡3 1:3 £ 100

Kag ;min ,a cm¡1 7:2 £ 10¡9 6:3 £ 10¡5 8:1 £ 10¡5 6:3 £ 10¡5 3:4 £ 10¡5 7:9 £ 10¡5

Kag ;min ,b cm¡1 2:4 £ 10¡4 1:4 £ 10¡4 1:9 £ 10¡4 1:4 £ 10¡4 8:7 £ 10¡5 6:2 £ 10¡5

aHITRAN database used for gas properties. bSynthetic band model used for gas properties.

error after grid and K -distribution re� nement. The total radiative
heat � ux for the entire spectrum has a relative error of 0.5%. Re-
sults for syntheticband-modeldata reportedpreviously6 were based
on Edwards’s exponentialwidebandmodel11 and the Elsassermodel
for line structure3 with an assumed line spacing of 1.0 cm¡1.

Problem Statement
A one-dimensional sample problem was selected to match the

speci� cations of a round-robin test problem considered as part of
a continuing symposium on solution methods for radiative heat
transfer in participating media.12 The geometry is an in� nite par-
allel slab with cold and black boundaries containing a uniform
mixture of carbon particles, CO2, and N2 . The slab thickness is
W D 5 m. The mixture temperature is 1000 K, and the total pres-
sure is 1 atm. The CO2 mole fraction is 0.21. The spherical car-
bon particle diameter is 30 ¹m, and the particle concentrationsare
N D 2 £ 107; 2 £ 108 , and2 £ 109 particles/m3. The particleabsorp-
tion and scattering cross sections were computed with Mie theory
as described previously.6 Gray, linear anisotropic scatteringwas as-
sumed for the scatteringphase function,with a linearanisotropicpa-
rameter of 0.65, which corresponds to moderate forward scattering
(the strong forward-scattered diffraction component was removed
from scattering considerationand treated as unscattered radiation).
The particle absorption and scattering coef� cients at 2.7 ¹m for
N D 2 £ 109 m¡3 were 0.014 and 0.015 cm¡1, respectively.

Real Gas Properties
HITRAN absorption-coef�cient data for CO2 are shown in Figs. 1

and 2 for the 2.7- and the 4.3-¹m bands, respectively.These are the
two strongest bands for the conditions under consideration. Addi-
tionalbands forwhich calculationswere made are 2.0, 9.4,10.4, and
15.0 ¹m. These � gures show the complicated line structure arising
from a very large number of vibrational– rotational transitions. In
contrast, Fig. 3 shows the synthetic wideband model data for the
2.7-¹m band considered in our earlier paper.6 The synthetic wide-
band model is a combination of Edwards’s exponential wideband
model and the Elsasser model to simulate the rapid change of the
gas absorption coef� cient as a function of wave number. What is
strikingis how little alike the syntheticand real data appear to be. Of
course, it was never the purpose of wideband modeling to imitate
even spectrally smoothed band structure (which is the domain of
narrowband modeling), let alone � ne line structure; the purpose of
wideband modeling is primarily to represent the integrated emis-
sivity [area under the curve 1 ¡ exp.¡Ka L/] for a wide range of
temperatures, pressures, and path lengths. To do this requires not
only that the integrated absorptioncoef� cient (area under the curve
Ka ) be accuratelyrepresented,but that the distributionof absorption
coef� cient with respect to wave number also be accurately repre-
sented. In this regard Edwards’s exponential wideband model has
been remarkably successful, considering its simplicity. Neverthe-
less, a comparison of Figs. 1 and 3 shows that the combination of
Edwards’s exponential wideband model and the Elssaser model is
still far from being able to suf� ciently represent the rapid change in
the gas absorption coef� cient. Figures 4 and 5 show the probabil-
ity distribution function of absorption coef� cient (K distribution)
for the 2.7-¹m band (bin size 1:713 £ 10¡3 cm¡1/ and the 4.3-¹m
band (bin size 9:39 £ 10¡2 cm¡1/. The most probable absorption-
coef� cient values are seen to be the smaller values. It is evident

Fig. 1 HITRAN absorption coef� cient for CO2 , 2.7- m band, 21%
(mole fraction) CO2 , and 79% N2 , 1000 K, 1 atm.

Fig. 2 HITRAN absorption coef� cient for CO2 , 4.3- m band, 21%
(mole fraction) CO2 , and 79% N2 , 1000 K, 1 atm.

from Figs. 4 and 5 that the synthetic band model overestimates the
K distributionfor smallerabsorptioncoef� cientsbutunderestimates
the K distribution for the larger absorption coef� cients compared
with the HITRAN data for this case. Given its simplicity, the expo-
nential wideband distribution is a surprisingly good representation
of the real distribution (thanks to the Boltzmann distribution effect
on rotational energy levels) for CO2. Nevertheless, the discrepancy
between the band representationand the LBL data is evident.
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Fig. 3 Synthetic absorption coef� cient for CO2 (exponential wide-
band/Elsasser), 2.7- m band, 21% CO2, 79% N2 , 1000 K, 1 atm.

Fig. 4 K distribution for 2.7- m band, 21% CO2, 79% N2, 1000 K,
1 atm.

Fig. 5 K distribution for 4.3- m band, 21% CO2, 79% N2, 1000 K,
1 atm.

Heat Transfer Results
Figure6 shows the total,net radiant � uxq vs spatial locationx=W

for both DO K -distribution calculations (DO) and Monte Carlo
(MC) calculations.HITRAN propertieswere used for CO2 , and the
results for three particle loadings are shown. The number of pho-
tons emitted in the MC calculations is increased until the relative
error of the MC calculations is within 1%. The primary result of
Fig. 6 is that the K -distribution approach gives essentially exact
LBL accuracy. The results of K -distribution and MC calculations
agree within 1%. A similar conclusion can be drawn for each CO2

band. This result was reported earlier for the synthetic gas property
data6 and is con� rmed here for the real gas property data. Figure 6

Fig. 6 Comparisons of total, net radiant heat � ux distribution gen-
erated by DO method associated with K-distribution method and MC
method by use of HITRAN database.

Fig. 7 Comparisons of 2.7- m band net radiant heat � ux distribution
generated by HITRAN and by bandmodel for isothermal slab, 5-m path
length, 21% CO2 , 79% N2 , 1000 K, 1 atm, for three carbon particle
loadings, N (number density given in inverse cubic meters).

also shows how the net � ux varies with particle loading for this
problem. Even for the lowest particle loading case (N D 2 £ 107/,
which has an approximate (2.7-¹m) particle optical thickness of
only Ke p L D 0:15, particle radiation dominates that of the gas be-
causeof the relativelylarge spectral regionsbetweengas bands.This
case (N D 2 £ 107) shows a nearly linear increase in � ux from zero
at the center of the slab to the maximum value at the boundary.The
intermediate particle loading case (N D 2 £ 108) shows an increase
in � ux over the previous case because of a higher particle optical
depth (Kep L D 1:5) but still shows an essentially linear increase in
� ux with position over most of the slab. The highest particle load-
ing case (N D 2 £ 109) shows a still higher � ux at the boundary, as
would be expected, but is also beginning to show the effects of a
large particle optical thickness (Kep L D 15) by the decrease in � ux
in the slab interiorand the nonlinearcurvatureof the � ux distribution
with x=W .

Figure 7 shows the radiant � ux vs x=W for the 2.7-¹m band
obtained with both real gas HITRAN properties (K distribution)
and band-model gas properties. For the highest particle loading
(N D 2 £ 109 ) there is no distinguishable difference between the
two property data sets used. This is because particle radiation is
so strong for this case that any gas property differences are hidden.
However, for the lowest particle loading(N D 2£107 ), gas property
differences are apparent by the deviation between the hollow dia-
mond symbols and the dashed curve. These real gas propertyeffects
are even more apparent for the 4.3-¹m band, as shown in Fig. 8.
For the stronger4.3-¹m band, the differencebetween HITRAN and
band-model gas properties is observable even for the highest parti-
cle loadingcase (N D 2£109). It can be seen from Figs. 7 and 8 that
the heat � ux generated by HITRAN shows more nonlinear effect
(because of the optically thick medium) than the heat � ux gener-
ated by the band model. This is consistentwith the fact from Figs. 4
and 5 that the K distribution generated by HITRAN had a higher
distribution in the larger Kag region than the K distribution gener-
ated by the band model did. The error in � ux is even more severe
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Table 2 Band-by-band radiative heat � ux (in watts per square centimeter) at boundary; P = 1 atm, CO2 mole fraction = 0 21,
T = 1000 K, = 1 0 cm ¡ 1

N D 2:0 £ 107 m¡3 N D 2:0 £ 108 m¡3 N D 2:0 £ 109 m¡3

CO2 band HITRANa Bandb HITRAN Band HITRAN Band

2:0 ¹m 6.838 £ 10¡3 1:902£ 10¡2 2:981£ 10¡2 3:355 £ 10¡2 3:901£ 10¡2 3:916£ 10¡2

2:7 ¹m 2:933£ 10¡1 3:298£ 10¡1 3:729£ 10¡1 3:845 £ 10¡1 3:899£ 10¡1 3:916£ 10¡1

4:3 ¹m 3:689£ 10¡1 5:218£ 10¡1 5:140£ 10¡1 5:670 £ 10¡1 5:648£ 10¡1 5:729£ 10¡1

9:4 ¹m 4:981£ 10¡2 6:113£ 10¡2 8:717£ 10¡2 9:065 £ 10¡2 9:829£ 10¡2 9:846£ 10¡2

10:4 ¹m 3:452£ 10¡2 4:987£ 10¡2 7:548£ 10¡2 8:003 £ 10¡2 8:799£ 10¡2 8:826£ 10¡2

15.0 ¹m 1:813£ 10¡1 1:846£ 10¡1 2:096£ 10¡1 2:108 £ 10¡1 2:106£ 10¡1 2:119£ 10¡1

Total 1.486 1.717 4.134 4.211 5.056 5.067

aHITRAN database used for gas properties. bSynthetic band model used for gas properties.

Table 3 Band-by-band divergence of radiative heat � ux (in watts per cubic centimeter) at boundary, W/8, and W/4; P = 1 atm, CO2
mole fraction = 0 21, N = 2 0 £ £ 109 m ¡ 3 , T = 1000 K, = 1.0 cm¡ 1

Boundary (x D 0) x D W=8 x D W=4

CO2 band HITRANa Bandb HITRAN Band HITRAN Band

2:0 ¹m 1:402£ 10¡3 1:445£ 10¡3 1:701£ 10¡4 1:672 £ 10¡4 3:054£ 10¡5 2:891£ 10¡5

2:7 ¹m 2:183£ 10¡2 2:404£ 10¡2 1:201£ 10¡3 1:136 £ 10¡3 1:629£ 10¡4 1:544£ 10¡4

4:3 ¹m 3:222£ 10¡1 2:894£ 10¡1 1:131£ 10¡3 8:159 £ 10¡4 1:785£ 10¡4 9:542£ 10¡5

9:4 ¹m 4:111£ 10¡3 4:167£ 10¡3 3:737£ 10¡4 3:697 £ 10¡4 5:230£ 10¡5 5:070£ 10¡5

10.4 ¹m 3:676£ 10¡3 3:769£ 10¡3 3:347£ 10¡4 3:283 £ 10¡4 4:674£ 10¡5 4:442£ 10¡5

15.0 ¹m 2:356£ 10¡2 3:458£ 10¡2 4:112£ 10¡4 3:884 £ 10¡4 4:120£ 10¡5 3:822£ 10¡5

aHITRAN database used for gas properties. bSynthetic band model used for gas properties.

Fig. 8 Comparisons of 4.3- m band net radiant heat � ux distribution
generated by HITRAN and by bandmodel for isothermal slab, 5-m path
length, 21% CO2 , 79% N2 , 1000 K, 1 atm, for three carbon particle
loadings, N (number density given in inverse cubic meters).

for the lower particle loading cases. It should be noted that these
errors in net � ux are signi� cant and translate into substantial error
in the radiative � ux divergence. Thus, although in some cases (e.g.
4.3-¹m band with N D 2:0 £ 109 m¡3 ) the boundary � ux error may
not be serious, as can be seen in the summary of boundary � uxes in
Table 2, the radiative � ux divergence (Table 3), which is important
as a couplingsource term in the energy equation,can exhibit signif-
icant error (>10%) because of inadequate representationof the real
gas properties. One need only imagine a situation with negligible
particle radiationcontributionto appreciate the signi� cance of these
� ndings. In the following section, particle radiation is neglectedand
the effect of real gas properties in a pure, nonscattering,molecular
gas is considered.

Pure Gas Radiation
In this section the emission and absorption properties of CO2

and H2O are considered for the same thermodynamic conditions
as those in the previous section (1000 K, 1-atm total pressure, 0.21
mole fractionof emittinggas,N2 broadening)andadditionaltemper-
atures. A comparison among HITRAN,8 exponential wideband,11

and radiation calculation (RADCAL) narrowband13 model data is

Fig. 9 Effective absorption coef� cient for 21% CO2 , 79% N2, 1000 K,
1 atm.

made on the basis of the effective mean absorption coef� cient for
an isothermal, homogeneous path of length L , as de� ned in14

Ka;eff D 1º
Ka Ibº exp.¡K a L/ dº

1º
Ibº exp.¡Ka L/ dº

(9)

Based on this de� nition, the emissivity for a path length L is

" D 1 ¡ exp.¡Ka;eff L/ (10)

Figures9 and 10 show Ka;eff as a functionof path length for CO2 and
H2O, respectively,at 1000K for all bands(theentirespectralregion).
HITRAN, RADCAL narrowband,andexponentialwidebandresults
are shown. The value of dº is bisected until the integration terms in
Eq. (9) convergeto less than0.1%error. In the limit L ! 0, theeffec-
tive absorptioncoef� cient approachesthe Planck mean value, Ka;P .
In the limit L ! 1, the effectiveabsorptioncoef� cient approaches
the minimum value of Ka over the interval1º . As discussedearlier
with regard to band limits, the bandwidth1º should be extended to
be wide enough to cover all of the important optically thin region
such that assuming that Ka D 0 outside of 1º does not introduce
appreciableerror. Thus, if optical thickness of 0.1 was judged to be
suf� ciently small, the minimum value of Ka should be of the order



TANG AND BREWSTER 465

Table 4 Maximum absorption coef� cients for CO2 bands used in computing the data points of Fig. 9; P = 1 atm, CO2 mole
fraction = 0 21, T = 1000 K

CO2 band 2.0 ¹m 2.7 ¹m 4.3 ¹m 9.4 ¹m 10.4 ¹m 15 ¹m

Kag ;max ,a cm¡1 1:1 £ 10¡3 1:7 £ 10¡1 9:4 £ 100 6:9 £ 10¡3 5:1 £ 10¡3 1:5 £ 100

Kag ;max ,b cm¡1 9:5 £ 10¡4 7:3 £ 10¡2 3:5 £ 100 3:0 £ 10¡3 2:6 £ 10¡3 5:3 £ 10¡1

Kag ;max ,c cm¡1 3:6 £ 10¡4 5:2 £ 10¡2 1:9 £ 100 3:8 £ 10¡3 1:6 £ 10¡3 3:3 £ 10¡1

aHITRAN database used for gas properties. bEdwards’s wideband model used for gas properties. cRADCAL narrowband model used for gas properties.

Fig. 10 Effectiveabsorptioncoef� cient for 21%H2O, 79%N2 , 1000 K,
1 atm.

Fig. 11 Total emissivity for 21% H2O, 79% N2 , 296 K, 1 atm.

of 0.1/L, which indicates that in the limit L ! 1, the minimum
value of Ka and hence the effective absorptioncoef� cient approach
zero. In the present calculations the intervals were taken to be zero
to in� nity and the minimum value of Ka was essentially zero. The
maximum Ka values used in computing the data points of Fig. 9
are shown in Table 4. As can be seen in Figs. 9 and 10 there is a
noticeable discrepancy between the real gas HITRAN data and the
exponential wideband model data. The error in Ka;eff is as large as
100% in the optically thin limit. This error carries over into the total
emissivity calculated from Eq. (10), which is plotted in Figs. 11 and
12 for H2O at 296 and 1000K, respectively. In the optically thin
limit the total emissivity for H2O (Figs. 11 and 12) is overpredicted
by a factor of 2 for the exponentialwideband model.

The reason for the discrepanciesseen in Figs. 9– 12 is the error in
the Ka distributions used by band models. Band models generally
underrepresent the percentage of higher Ka values and overrepre-
sent the percentageof lower ones, as illustrated in Figs. 4 and 5. As
a result, at short path lengths, Ka;eff and total emissivity are con-
sistently overpredicted by band models. What the HITRAN data
thus show (that band-model data do not) is that for most practical
system con� gurations (typical thermodynamic conditions and path
lengths) there will always be at least some optically thick portion
of the spectrum. The assumption that all lines are optically thin is
valid for only very short path lengths.

In this regard it is important to note that the criterion for de-
termining applicability of the Planck mean optically thin limit is

Fig. 12 Total emissivity for 21% H2O, 79% N2, 1000 K, 1 atm.

Fig. 13 Ratio of Planck intensity to actual intensity and Planck mean
optical thickness for 21% H2O, 79% N2, 1 atm, L = 20 cm.

still frequentlymisunderstoodin the literature as being Ka;P L ¿ 1.
Consideration of a real molecular gas line structure shows that it
is quite possible to have a signi� cant portion of the spectrum (i.e.,
line centers) be optically thick, while a signi� cant portion (between
lines) is optically thin, such that the condition Ka;P L ¿ 1 would in-
deed hold but the Planck mean prediction would fail badly. That is,
in the optically thick lines (Ka L À 1) the emitted spectral intensity
along an isothermal path would be [1 ¡ exp.¡Ka L/]Ibº

¿ Ka L Ibº

such that the accuracy of the Planck mean value as an effective
emission (or absorption) coef� cient would be greatly reduced. This
effect can be seen in Figs. 9 and 10. If Ka;P L < 0:2 was taken as the
criterion of Plank mean applicability,Fig. 10 for H2O, which gives
Ka;P D 0:010 cm¡1, shows that the limiting path length would be
»20cm. At thisvalueof L thePlanck meanvalue(0.010cm¡1) over-
estimates the actual effectiveabsorptioncoef� cient (0.004cm¡1 ) by
a factorof 2.5. The emitted intensitywould also be overpredictedby
approximately this amount. This degree of error is quite large given
the relatively small value of the Planck mean absorptioncoef� cient
(Ka;P L D 0:2).

Figure 13 shows the ratio of Planck predicted to actual intensity
for the case just considered(1000 K, L D 20 cm) as well as for other
temperatures.The error decreases with increasing temperature,pri-
marily becauseof to the decreasingconcentrationof H2O; neverthe-
lessa factorof approximately2 error in Ie;P=Ie existsat temperatures
as high as 2000 K, at which the Planck mean optical thickness is
even smaller (Ka ;P L D 0:07) for the exponential wideband model.
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Fig. 14 Ratio of Planck intensity to actual intensity and Planck mean
optical thickness for 21% H2O, 79% N2, 1 atm, L = 2 cm.

Figure 14 shows a similar plot for a 2 cm path length. At 300 K
the Planck mean optical thickness is Ka;P L D 0:2, suggesting an
error of only 20% associated with the Planck mean approximation,
when in reality the error in emitted intensity is over 350% (a factor
of 4.5) as shown in Fig. 14 for the HITRAN calculation. Similar
conclusions can be drawn for the RADCAL narrowband and ex-
ponential wideband model calculations. Another comparison that
can be made is between the HITRAN and RADCAL narrowband
or exponential wideband results. It can be seen in Figs. 9– 14 that
the discrepancy between the HITRAN and the RADCAL results is
generally less than that between HITRAN and wideband results. In
Figs. 13 and 14, the HITRAN data points for higher temperatures
are not available. To extend the applicability of HITRAN to higher
temperatures, the addition of hot bands and high-temperature cor-
relation are necessary. The results of Figs. 13 and 14 show how
important it is to investigate thoroughly the conditions for applying
the Planck mean optically thin approximation for the cases of real
gas radiation with severe nongray effects and not simply rely on the
Planck mean optical thickness.

Conclusion
Detailed molecular gas radiation calculations have been per-

formed for CO2 and H2O with the LBL HITRAN database,
with and without particle scattering. Both exact LBL (MC) and
K -distribution calculations were conducted. The results showed
that, if the absorption-coef�cient distribution function (K distribu-
tion) was suf� ciently resolved, essentially exact LBL accuracy was
achievedwith a signi� cant reduction in computationtime. Compar-
ison of exact LBL results was also made with exponentialwideband
model predictionsto assess real gas propertyeffects.There is signif-
icant difference in radiative � ux between HITRAN and band-model
results, especially in the cases of low particle loading. For some
particular conditions, band-model treatment may appear adequate
in predictingradiativeheat � ux at boundaries,givenanaccuratetem-
perature distribution. However, in terms of the spatial distribution
of the net radiative � ux in the gas (i.e., divergence of the radiative
� ux vector), band-model data can introduce signi� cant errors even
when the boundary � ux appears to be correct.This is important par-
ticularly in situations in which the temperature � eld is not known
and is to be predicted as part of a CFD calculationcoupled with the
radiativetransfer.In such situationsan accuraterepresentationof the
radiative � ux divergence is critical, and LBL or pseudo-LBL treat-
ment of K distributionmust be considered.For puregas systems,the
error introduced by approximategas radiation property data (expo-
nential wideband model) is more signi� cant. Under optically thin

conditions, wideband model data overpredict effective absorption
coef� cient and total emissivity by approximately a factor of 2, at
temperatures of 296– 1000 K and atmospheric pressure, compared
with HITRAN data. The discrepancybetween HITRAN and RAD-
CAL results appears to be less than that between HITRAN and
wideband results.
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